The purpose of this content is to investigate the free vibration of functionally graded parabolic and circular panels with general boundary conditions by using the Fourier-Ritz method. The first-order shear deformation theory is adopted to consider the effects of the transverse shear and rotary inertia of the panel structures. The functionally graded panel structures consist of ceramic and metal which are assumed to vary continuously through the thickness according to the power-law distribution, and two types of power-law distributions are considered for the ceramic volume fraction. The improved Fourier series method is applied to construct the new admissible function of the panels to surmount the weakness of the relevant discontinuities with the original displacement and its derivatives at the boundaries while using the traditional Fourier series method. The boundary spring technique is adopted to simulate the general boundary condition. The unknown coefficients appearing in the admissible function are determined by using the Ritz procedure based on the energy functional of the panels. The numerical results show the present method has good convergence, reliability and accuracy. Some new results for functionally graded parabolic and circular panels with different material distributions and boundary conditions are provided, which may serve as benchmark solutions.
Introduction
The fiber-reinforced composite laminated materials have been widely used for a variety of engineering applications because of its good thermal and mechanical merits compared with single-composed materials. However, owing to the sharp discontinuity in the material properties at interfaces between two different materials, it may exist stress concentrations which results in severe material failure [1] [2] [3] . So, in order to eliminate the defections, the concept of functionally gradient materials was proposed in 1984 by material scientists in the Sendai area in Japan as a means of preparing thermal barrier materials. Later, the NKK Corporation in Japan initiated studies on functionally graded materials and applications to thermal-resistant structures of space shuttles [4] [5] [6] . After this, the functionally gradient materials have been applied to various engineering applications, i.e. aircraft, space vehicles and military industries, due to the significant performance of the smooth and continuous mechanical behavior in one or more directions.
The parabolic and circular panels have been widespread in many branches of engineering applications such as architectural structures, hydraulic structures, containers, airplane, missiles, ships and instruments due to their excellent performance of light weight and form efficiency. The fully awareness of the vibration characteristics of the parabolic and circular panels is of considerable importance for the designers and engineers to avoid the unpleasant, inefficient and structural damaging resonant. Therefore, the efficient modeling and computational techniques for the vibration analysis of FG parabolic and circular panels is necessary. The main research results are as follows: Aköz and Özütok [7] performed free vibration of parabolic and circular cylindrical shells with classical boundary conditions by using the mixed finite element method consist of two different mixed elements. Xie et al. [8] extended the Haar Wavelet Discretization (HWD) method-based solution approach for the free vibration analysis of functionally graded (FG) spherical and parabolic shells of revolution with arbitrary boundary conditions. Kang and Leissa [9] presented a new three-dimensional (3-D) method of analysis for determining the free vibration frequencies and mode shapes of solid paraboloids and complete paraboloidal shells of revolution with variable wall thicknesses and classical boundary conditions. Khatib and Buchanan [10] dealt with the free vibration of a paraboloidal shell of revolution including shear deformation and rotary inertia with classical boundary conditions including free, fixed and simply supported by using the finite element method. Lee [11] applied the pseudospectral method to the axisymmetric and asymmetric free vibration analysis of spherical caps with classical boundary conditions. Pradyumna and Bandyopadhyay [12] used the finite element method to study the free vibration of functionally graded curved panels with classical boundary conditions by using a higher-order shear deformation theory. Tornabene and his team [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] extended the generalized differential quadrature (GDQ) method for the free vibration analysis of functionally graded circular and parabolic panels and shells of revolution with classical boundary conditions. Other related research results with the layered composite parabolic and circular panels can be seen in Refs [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . From the above literature review, it's easy to see that the computational accuracy and the range of application of boundary conditions strongly lie on the shell theories and solution methods for the most of studies on the titled problem. The shell theories including the classical shell theory, first-order shear deformation plate theory, higher-order shear deformation plate theory and three-dimensional elasticity theory. For different targets and structures, it's of great importance to select the corresponding shell theory, such as: when the structure is the thin shell whose relative thickness is less than 0.1, the accurate results can be obtained by using the classical shell theory; When the shell is relatively thick or when accurate solutions for higher modes of vibration are desired, the accurate results can be obtained by using the first-order shear deformation plate theory in practical applications. If you more accurate results are needed, the three-dimensional elasticity theory which does not rely on any hypotheses can be the proper choice. Apart from the aforementioned shell theories, it is also of great interest for researchers to develop an accurate and efficient method which can be used to determine the vibration behaviors of FG circular and parabolic panels. So far, a lot of methods for the vibration analysis of circular and parabolic panels and shell of revolution have been reported in the above literature, such as the generalized differential quadrature method, Haar Wavelet Discretization (HWD) method, finite element method, pseudospectral method and so on. However, two main weaknesses of their methods exist: Firstly, the scope of the boundary conditions are almost limited to the classical boundary conditions like free, clamped, simply supported and their combination; secondly, these methods are hardly applied to the FG circular and parabolic panels and shells of revolution except Tornabene using the GDQ to do it.
From the review of the literature, it obvious that the most of the previous researches are limited to circular and parabolic shells with classical boundary conditions. However, the circular and parabolic panels as an important fundamental component have been widely applied in the practical engineering where the boundary conditions are not always classical and various unknown elastic boundary restrains may encounter. Thus, the existing methods may not meet the actual demand. The improved Fourier series was proposed in 2000 by Li [47] [48] [49] to solve the free vibrations of beams with general boundary conditions. Later, the method has been fast extended by Du [50] [51] [52] [53] , Jin [54] [55] [56] [57] [58] , Wang [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] et al. in the last ten years. Thus, as a powerful method, the reasonable and superiority has been widely validated by comparing with other methods. The detailed theoretical analyses and mathematical principle can been seen in Refs [47] [48] [49] .
In this paper, the main objective is applying the Fourier-Ritz method to present a unified solution approach to study the free vibration of functionally graded parabolic and circular panels with general boundary conditions. The displacement and rotation components of the panels are expressed as an improved Fourier series which is the combination of a standard Fourier cosine series with auxiliary functions introduced to ensure and accelerate the convergence of the series expansions irrespectively of the boundary conditions. The first-order shear deformation shell theory is adopted to formulate the theoretical model. The general boundary conditions of the panel are realized by applying the artificial spring boundary technique. The functionally graded panels structures consists of ceramic and metal which are assumed to vary continuously through the thickness according to the power-law distribution, and two types of power-law distributions are considered for the ceramic volume fraction. All the unknown expanded coefficients are treated equally and independently as the generalized coordinates and solved directly by using the Ritz procedure. The good convergence of the present method is checked and the excellent accuracy and reliability is validated against the results presented by other contributors. Some new results of functionally graded parabolic and circular panels with the boundary conditions of classical, elastic and their combination are presented, which may serve as benchmark solution for future computational methods. In addition, the effects of the boundary conditions, geometric and material parameters on vibration be- havior of the functionally graded parabolic and circular panel are also reported.
Theoretical formulations

Description of the model
The basic configuration of the problem considered here is an FG doubly-curved shell as shown in Fig. 1 . An orthogonal curvilinear coordinate system (φ, θ, z) is fixed in the reference surface of the shell which is taken to be at its middle surface. The displacement of the shell in the meridional φ, circumferential θ and radial z directions are denoted by u, v and w, respectively. The angle formed by the external normal n to the reference surface and the axis of rotation Oz, or the geometric axis O 1 z 1 of the meridian curve, is defined as the meridional angle φ and the angle between the radius of the parallel circle and the x axis is designated as the circumferential angle θ as shown in Fig. 1 . The position of an arbitrary point within the shell is decided by φ 0 < φ < φ 1 , 0 < θ < ϕ and h/2<z<h/2. The horizontal radius is designated as R 0 , and the radii of curvature in the meridional and circumferential directions are respectively represented by Rφ, R θ . For a surface of revolution with a circular curved meridian, they are respectively expressed as: where R is the constant radius of the circular meridian of the shell. R b is the distance between the axis of rotation Oz and the geometric axis of the meridian O 1 z 1 .
The parabolic meridian can be described with the following equation:
where k = (a 2 -d 2 )/b is a characteristic parameter of the parabolic curve. For the parabolic shell of revolution under consideration, the radii of curvature Rφ(φ), R θ (φ) in the meridional and circumferential directions and the first derivative of Rφ(φ) with respect to φ can be expressed, respectively, as follows: Fig. 2 shows the examined FG panels structures for verifying the accuracy and versatility of the proposed approach. It is worth noting that, we can obtain the Toro-circular panel by setting the R b ̸ = 0, as shown in Fig. 2 (c) (R b < 0) and 2(d) (R b > 0). The spherical panel is generated as a special case of the considered panels structures, when R b = 0, as diagramed in Fig. 2(a) and by setting φ 0 = 0, the spherical cap is obtained as illustrated in Fig. 2(b) . Fig. 2 (e) and 2(f) present the Toro-parabolic panel and parabolic panel, respectively.
Kinematic relations and stress resultants
The assumed displacement field for the moderately thick laminated functionally graded parabolic and circular panels based on first-order shear deformation plate theory can be written as follows [8, 16, 78] :
where u 0 , v 0 and w denote the displacements of corresponding point on reference surface in the φ, θ and z directions, respectively. ψφ and ψ θ are the rotations of the normal to the reference surface about the θ and φ direction, respectively, and t is the time. Under the assumptions of small deformation and linear strain-displacement relations, the strain components of moderately thick laminated functionally graded parabolic and circular panels can be expressed as:
where the membrane strains, denoted by ε 
The constitutive equations relating the force and moment resultants to strains and curvatures of the reference surface are given in the matrix form: 
where Nφ, N θ and N φθ are the in-plane force resultants, Mφ, M θ and M φθ are moment resultants, Qφ, Q θ are transverse shear force resultants. κ is the shear correction factor, which is usually selected as κ = 5/6. A ij , B ij and D ij (i,j = 1,2 and 6) are the extensional, extensional-bending coupling, bending stiffness, and they are respectively expressed as
where the elastic constants Q ij (z) are functions of thickness coordinate z and are defined as:
Typically, the functionally graded materials are made of two or more constituent phases which have smooth and continuous mechanical behavior in one or more directions. In this paper, it is assumed that the FG panels are made of a mixture of ceramic and metal. Young's modulus E(z), density ρ(z) and Poisson's ratio µ(z) are assumed to vary continuously through the panels thickness and can be expressed as a linear combination:
in which the subscripts c and m represent the ceramic and metallic constituents, respectively, and the volume fraction vc follows the two type power-law distribution:
where z is the thickness coordinate, and p is the powerlaw exponent and takes only positive values. The volume fraction of all the constituent materials should add up to one, i.e.
When the value of p equals to zero or infinity, the homogeneous isotropic material is obtained as a special case of the functionally graded material. The variations of volume fraction Vc for different values of the power-law exponent are depicted in Fig. 3 . The strain energy (Us) of the moderately thick laminated functionally graded parabolic and circular panels during vibration can be define as
Substituting Eqs. (6) and (7) into Eq. (13), the strain energy expression of the structure can be written in terms of the displacements and rotations of the middle surface.
The corresponding kinetic energy (T) function of the moderately thick laminated functionally graded parabolic and circular panels can be given as: 
Since the main focus of this paper is to develop a unified solution for the vibration analysis of the moderately thick laminated functionally graded parabolic and circular panels with general boundary conditions, thus, in order to satisfy the request, the artificial spring boundary technique is adopted here. In this technique, five groups of boundary restraining springs are arranged at all sides of the parabolic and circular panels to separately simulate the general boundary conditions. Then the equations describing general elastic supported moderately thick laminated functionally graded parabolic and circular panels can be written as follows:
Thus, as the first merit of the present study, the unified treatment in dealing with the general boundary condition for the panels can be achieved by assigning the stiffness of the boundary springs with various values. For example the free boundary condition can be readily obtained by setting the spring coefficients to zeros, and a clamped boundary can be obtained by assigning the springs' stiffness to infinity. Table 1 gives the corresponding spring stiffness values for the considered boundaries. Therefore, the potential energy Usp stored in the boundary springs is given as:
Admissible displacement functions and Solution procedure
By means of the Hamilton's principle, five equilibrium equations of motion of the considered moderately thick laminated functionally graded panels can be obtained, namely [8, 16, 78] :
Considering Eqs. (6) and (7), the Eq. (22) shows that each displacement and rotation component of the panels at most has second-order derivatives. From the Ref. [47, 48] , we can know that the admissible function of the displacement is essential to achieve an accurate and convergent solution in the Ritz procedure. The second merit of the present paper is applying the improved Fourier series method to construct the admissible function for the panels with general boundary conditions. Therefore, each of the displacement and rotation components of a panel can be written as a modified Fourier series as follows: (18), each of the displacement components at most has two derivatives, thus, it is required that at least two-order derivatives of the admissible functions exist and are continuous at any point on the plate. Therefore two auxiliary functions in φ-and θ-direction are supplemented as demonstrated in Eqs. (23a-23e). Such requirements can be readily satisfied by choosing simple auxiliary functions as follows:
It is easy to verify that
The Lagrangian energy function (L) of the moderately thick functionally graded parabolic and circular panels can be written as:
Substituting Eqs. (14), (15), (21) and (23) into Eq. (26) and performing the Ritz procedure with respect to each unknown coefficient, the equations of motion for parabolic and circular panels can be yielded and are given in the matrix form:
The sub-matrices of the vector of the unknown coefficients, global stiffness and mass matrices of the panel are written by 
R0
By solving the Eq. (27), the frequencies (or eigenvalues) of moderately thick laminated functionally graded parabolic and circular panels can be readily obtained and the mode shapes can be yielded by substituting the corresponding eigenvectors into series representations of displacement and rotation components.
Numerical results and discussion
In this section, the vibration information of the moderately thick functionally graded parabolic and circular panels can be easily obtained by using the MATLAB 7.11.0 to solve the Equation (27) . For the sake of brevity, a symbolism is employed to represent the boundary condition of functionally graded parabolic and circular panels, e.g. FCSE denotes the panels with F (Free), C (Clamped), S (simply-support) and E (Elastic restrain) boundary conditions at φ = φ 0 , θ = 0, φ = φ 1 and θ = ϕ, respectively. The main arrangement is as follows: Firstly, the convergence, accuracy and reliability of the current method are presented compared with other contributions. Secondly, some new results for moderately thick laminated functionally graded parabolic and circular panels with various boundary conditions including classical case, elastic restrain and their combination, material and geometric parameters are presented. Lastly, the effects of the circumferential angle, power-law exponent and elastic boundary restraint parameters are also reported. In addition, unless otherwise stated the material constituent ceramic and metal are assumed to be zirconia and aluminum, respectively. The material properties used in following analyses are: E M = 70 GPa, µ M = 0.3, ρ M = 2707 kg/m 3 , Ec = 168 GPa, µc = 0.3, ρc = 5700 kg/m 3 .
Convergence study
The convergence and accuracy of the proposed solutions are studied firstly. Table 2 shows the convergence of the first three frequencies (Hz) for functionally graded parabolic and circular panels with complete clamped boundary conditions. The geometrical parameters and power-law exponents for the functionally graded parabolic and circular panels used in the study are: Toro- 
According to the Table 2, we can see that the present method has an excellent convergence, and is sufficiently accurate even when only a small number of terms are included in the series expressions. The maximum difference between the M × N = 8 × 8 and M × N = 15 × 15 form solutions is less than 0.053% for the worst case, which is receivable. Moreover, more accurate results may be obtained by more truncated numbers, but the computational cost will increase. Thus, based on the above analysis, the truncated number of the displacement expressions will be uniformly selected as M × N = 12 × 12 in the following numerical examples. Tables 3-6 show the first eight frequencies (Hz) for the CFCF Toro-parabolic panel, SSFF parabolic panel, CFCF Toro-circular panel and CFFF spherical panel, respectively. The geometrical parameters for these panels are the same as the Table 2 [16] using GDQ method on the basis of FSDT are used to verify the accuracy of the proposed method in predicting vibration characteristics of functionally graded parabolic and circular panels. The comparison shows that the current results are in good agreement with those of Tornabene et al. [16] . Tables, we can see that the vibration characteristics of the FG parabolic and circular panels strongly depend on the boundary condition, circumferential angle and power-law exponents. In addition, it is obvious that for different values of p, the results for FGM panels are higher than FGM panels. As mentioned before, the mode shapes of the FG parabolic and circular panels can be obtained by substituting the corresponding eigenvectors into series representations of displacement and rotation components. So, for illustrative purposes, some selected mode shapes of the aforementioned structures are depicted in Figs. 4-9. From these figures, the vibration behaviors of the various shells subjected to different boundary conditions can be seen vividly, which can enhance our understanding of the vibration characteristics of FG parabolic and circular panels. Through the above studies, it can be found that the current method can be universally applied to FG parabolic and circular panels with a variety of boundary conditions including all the classical cases, elastic restraints and their combinations without the need of making any change to the solution procedure. Besides, the vibration character- istics of the FG parabolic and circular panels are relative to not only the boundary condition, but also their selfattribute including the circumferential angle and powerlaw exponent. Some new free vibration results for FG parabolic and circular panels with different geometry parameters and boundary conditions are presented, which may serve as benchmark solutions for future computational methods. In the next subsections, the detailed comparative study of the boundary condition, circumferential angle and power-law exponents will be presented. can see that the change of the boundary elastic restraint parameter Γ has little effect on the frequency parameter Ω when it is smaller than 10 −2 D M . However, when it is increased in a certain range, the panels frequencies increase rapidly as the elastic parameters increase, approach their utmost and remain unchanged when Γ approaches infinity. It is noted that the certain range with respect to different kinds of elastic restraint parameters is different. Therefore, the clamped boundary conditions of a panel being simulated by assigning all the boundary spring stiffnesses to 10 8 D is proper in Table 1 . Fig . 11 shows the variations of fundamental frequency parameter Ω for FG parabolic and circular panels with different circumferential angles, power-law distributions and boundary conditions. The geometric dimensions and power-law exponent are the same as the Fig. 10 . From the figures, it is obvious that the frequency parameters Ω change monotonically as the circumferential angle ϕ increases regardless of the types of boundary conditions and power-law distributions. For case of CCCC, E 1 E 1 E 1 E 1 and E 3 E 3 E 3 E 3 , when the circumferential angle is in the region from 5 ∘ than 70 ∘ , the frequency parameters Ω of the panels rapidly decrease as the circumferential angle increases. While the circumferential angle is beyond this region, the frequency parameters firstly slow down, and then remain unchanged when the circumferential angle reach a critical value. But, for CFCF boundary condition, the frequency parameters rapidly increase and then remain unchanged as the circumferential angle ϕ increases irrespective of the power-law distribution type. Fig. 12 shows the variations of fundamental frequency parameter Ω of FG parabolic and circular panels against different power-law exponents p and power-law distribu- tions. The geometric dimensions used for the analysis are the same as Fig. 10 . The scope of the power-law exponent p is from 10 −2 to 10 3 and the interval of power-law exponents creases. For case of the FG Toro-parabolic panel, it can be seen that the fundamental frequencies firstly decrease from 10 −2 to 10 0 , then increase in the given region from 10 0 to 10 1 , and lastly decrease with the power-law exponent increasing, regardless of the kinds of boundary conditions and power-law distribution
Validation and some new results
Parameter studies
Conclusions
In the present study, the vibration characteristics of moderately thick functionally graded parabolic and circular panels with general boundary conditions have been investigated. The first-order shear deformation plate theory is employed to include the effects of rotary inertias and shear deformation. The energy expression of the panels is expressed as a function of five displacement components by using the kinematic and constitutive relations. Each generalized displacement of the FG parabolic and circular panels is represented by the modified Fourier series consisting of a standard Fourier cosine series and several auxiliary closed-form functions introduced to remove any potential discontinuities of the original displacement and its derivatives and accelerate the convergence of the series representation. The general boundary conditions of the FG parabolic and circular panels are imitated by using the artificial spring boundary technique which contains three groups of liner springs and two groups of rotation springs. The convergence, accuracy and reliability of the presente solutions are validated by numerical examples and the comparison of the present results and those available in the literature. Some new results for moderately thick FG parabolic and circular panels with various boundary conditions, power-law distributions and geometric parameters are presented. The effects of elastic boundary restraint parameters, power-law exponents, circumferential angles and power-law distribution types on the frequency values are examined and discussed in detail. The main innovation point and conclusions can be drawn:
1. Compared with other methods, the present method can be easily used to obtain the vibration information of the FG parabolic and circular panels with general boundary conditions, and enables rapid convergence, high reliability and accuracy. 2. New results of moderately thick FG parabolic and circular panels with various boundary conditions, power-law distribution and geometric parameters are presented. 3. The vibration characteristics of the FG parabolic and circular panels are relative to the boundary condition, their self-attribute including the circumferential angle and power-law exponent.
